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Non-smooth time transformations are used to investigate strongly non-linear periodic free oscillations of a vibro-impact system
with two degrees of freedom. Allowance for the boundary conditions at collision times enables the singularities induced by these
transformations to be eliminated. The smoothed equations of motion turn out to be linear. Investigation of the periodic solutions
reveals vibro-impact states with one- an two-sided collisions, including localized states (only one of the masses experiences collisions
with stopping devices), and their bifurcation structure. © 1999 Elsevier Science Ltd. All rights reserved.

Investigations of vibro-impact oscillations and similar solutions have employed a variety of approach-
es, including Poincaré mappings {1, 2}, reduction to boundary-value problems [3], numerical integra-
tion of the equations of motion [4], perturbation theory and other analytical methods [5-10]. In this
paper, free periodic oscillations of a vibro-impact system with two degrees of freedom will be studied
using non-smooth time transformations [7, 8], previously used to construct a modified perturbation theory
for strongly non-linear systems [9-12]. The stability or instability of the selected periodic regimes was
established by numerical integration of the equations of motion with initial data corresponding to the
theoretical solutions. When this was done, in the stable case the numerical solution remained close to
the theoretical one for a long time (compared with the periods of the natural oscillations of the linearized
system), while in the unstable case rapid divergence was observed.

We will consider a system of two linear oscillators of unit mass and stiffness, linked together by a
linearly elastic rod of stiffness £. The amplitudes of the oscillations of both masses are limited by

absolutely stiff stopping devices, symmetrically placed at unit distance from each mass. The equations
of motion have the form

by + oy + &y —uy)+ Plup, ) =0, iy +uy +(uy —u))+ Pluy,,)=0 (1)
Plu i) = 20, (8(u; + 1)~ 8(u; — D)}, i=1,2

(the dot stands for differentiation with respect to time f).

In order to simplify the investigation of vibro-impact states, we introduce a non-smooth time
transformation [7, 8]

T (. T .
()= —;arc sm(sm —77), e(t) =1(2) (2)

where T is the half-period of the desired solution. With this definition, t = (¢) is a saw-tooth function
and its derivative (in the sense of the theory of generalized functions) is a rectangular cosine function,
Expressing the derivatives of u,(f) in terms of the variable t, we obtain

y=ule, d=uet-2u) Y D8 -T,), T, = %+kT, e’ =1
k=00
(the prime stands for differentiation with respect to 7).

Consequently, the second derivative ii; contains singular terms, which describe discontinuities at times
t = T+ and vanish everywhere except at these points. These discontinuities are unimportant if at these
times u = 0; otherwise, collisions of the ith mass with the stopping devices are associated with these
times. But then the non-linear terms in the equations of motion may be written as follows:
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Plupin) =24 3 -D*8(:-T,)

Here, too, singularities occur at t = T+, and again these are unimportant if u; = 0 at these times
(note that the zeros of the function u} are also zeros of the function ;). It is obvious that these
terms are compensated by the singular terms occurring in the expression for the second derivative
ii;.

Thus, when investigating periodic states in which every collision of one of the masses with a stopping
device corresponds to either a collision or a maximum displacement (without collision) of the second
mass, the equations of motion, after the change of time, are linearized and take the form

up+u +e(u —uy)=0, uy+u, +e(, —u)=0 3)

Ignoring the trivial cases of in-phase and antiphase normal modes, when there are either no impacts
or both masses collide simultaneously with the stopping devices, we consider system (3) with the following
initial conditions

w(0y=1, u5(0)=0 ()

(the origin of time  is displaced to the point of the first collision, without modifying the notation). Then
the corresponding solution may be written as follows:

u} (0)

U ()= cos 0T +

+n©) . 1-1(0) O
— cos'c_———2 sintt e sinot (5)

where o = V(1+2¢) is a coupling parameter, with the plus sign for u; and the minus sign for u,.

Note that the solutions of Eqs (3), unlike those of the original system, exist only in the domain
|t| =< 1. As a matter of fact, we can define a vibro-impact solution over a half-period of the oscillations,
solving the boundary-value problem, and then, taking the periodicity of the function t = «(¢) into account,
periodically continue it to large time intervals. When this is done we have to consider three types of
periodic vibro-impact oscillations, corresponding to the following boundary conditions

Type a: u{(T)=0, u,(T)=-1
Type b: 4y(T)=-1, u(T)=0 (6)
Type c: w|(T)=0, uy(T)=1

In addition, allowance is made for condition (4) at © = 0. Substituting expressions (5) into (6), we
obtain the following transcendental relations

1+u2(o)cosT+Iu1 uZ(O)cosaT+wSinT+Iu'lll—(()—)'Sin(!T=1
- ) 2 2 20 M
)

1} (0)  (0)

1+u,(0) . 1-u,(0) .
——z—smT—Iu-—22-——ozsm0tT+TcosT+Iu—2a—cosotT=0

Depending on the type of vibro-impact oscillation, the coefficients take the following values
Typea: I,= -1, I,=+1, I,=-1
Typeb: I,= +1, [, =-1, [y=~1 (8)
Typec: I,= -1, I,=+1, I,=+1

Expressing 1/(0) in terms of u,(0) from the second equation of (7) and substituting the result into
the first equation, we obtain an expression relating the half-period 7" and u,(0)

. I, .
u,(0)cosT — I, cosaT)+cosT + 1, cosoT + u} (O)(sm T+ —o—‘:-sm aT) -21,=0 9

and moreover maxp< <1 {|1(t)]1, |ua(t)| =< 1.
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Numerical solution of Eq. (9) with varied values of u,(0) reveals complicated periodic vibro-impact
states of types a, b and c. In what follows we have analysed solutions with half-periods 0 < T < 2x, but
low-frequency states may be investigated in a similar way. The stability of the periodic orbits discovered
here has been investigated numerically, by integrating the resulting equations of motion with theoretically
predicted initial conditions.

The simplest case, from the standpoint of predicting periodic vibro-impact states, is that of a small
coupling parameter (¢ < 1). This has already been investigated in detail [3] and will therefore not be
considered here.

Figure 1 presents the branches of the solution in the “total energy E—amplitude u,(0)” plane for a
value € = 1 of the coupling parameter. Branches 1 and 2 represent stable periodic states (the solid curves)
and unstable periodic states (the dashed curves) with one-sided impacts of one of the masses with its
left stopping device, while the other mass collides with the right stopping device (type a), that is, the
collisions take place with “unlike” stopping devices. The unstable branch 3 and stable branch 4 represent
oscillations with two-sided collisions of the first mass (type b), the second mass experiencing no collisions.
Finally, a solution 5 of type ¢ (one-sided collisions of each of the masses with “like” stopping devices)
is unstable. Some modes of oscillation are shown in the configuration plane (4, u,) for € = 1 in Fig.
2; stable modes are indicated by the solid curves and unstable modes by the dashed curves. Comparison
of the curves in Figs 1 and 2 enables us to draw important conclusions as to the change in the order in
which the different types of periodic states are “born” as the energy parameter of the system is increased.

Obviously, if the energies are sufficiently small, the stable modes will be the in-phase and antiphase
normal modes without collisions, which are not being considered here. In the case of weak coupling
(e = 0, 1) with increased energy, “saddle point-node” bifurcation will give rise to two pairs of localized
modes with two-sided collisions of one of the masses [3]. It turns out that in the case ¢ = 1, increasing
the energy parameter gives rise, first of all (at a value of the parameter close to unity), to the formation
of stable (1a) and unstable (2a) modes with one-sided impacts of the masses on “unlike” stopping devices
(Fig. 1). Only a further increase in the energy parameter gives rise to two stable and two unstable modes
of type b, at an energy parameter value close to 2 (only one pair is shown in Figs 1 and 2: one stable
and one unstable mode). As to modes of type ¢ with one-sided impacts on “like” stopping devices, these
are unstable.

In order to demonstrate the increasingly complex behaviour of the system at large values of the
coupling parameter, we present the data for periodic vibro-impact states at ¢ = 10 (Fig. 3—in the “total
energy E—amplitude u,(0)” plane; Fig. 4—in the configuration plane (u,, u;)). Here branches 1a and
2a (stable, shown in Fig. 3 by the solid curves), 3a—5a (unstable, shown by the dashed curves) represent
oscillations of type a (collisions with “unlike” stopping devices). In branches 1a-3q, the half-period varies
in the range 2 < T < 3; in the other branches, the relevant range is 3/2 < T < 2. Branches of type b
(two-sided collisions of one of the masses) were observed. When 5/2 < T < 7/2, two of these are unstable
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(10b, 12b) and one is stable (11b); when 1 < T < 5/s, two are unstable (6b, 7b); finally, when 0 < T <
1, one is unstable (8b) and one stable (9b). At the same time, unlike the case when ¢ = 1, a stable mode
(14c) appears (one-sided collisions of the masses with “like” stopping devices) while the second mode
of this type (13c) is unstable.

Figure 4 shows some of the stable and unstable modes of types a, b and c that have been found. The
numbers on the curves in Fig. 4 correspond to the numbering of the modes in Fig. 3. Analysis of the
results presented in Figs 3 and 4 indicates that the order in which modes of different types are “born”
is again changed. In particular, stable localized modes, which correspond to two-sided collisions of one
of the masses and are most important in the case of small ¢ values, may be realized here only at very
large energies. However, modes with one-sided collisions of the masses with “like” stopping devices
arise even at small energies.

This research was supported by the USA National Science Foundation (NSF International, 94-57750).

REFERENCES

1. SHAW, S. and HOLMES, P, A periodically forced linear oscillator with impacts; chaos and long period motions. Phys. Rev.
Letters, 1983, 51, 8, 623-626.
2. SHAW, S., The dynamics of a harmonically excited system having rigid amplitude constraints. Pt. I: Subharmonic motions
and local bifurcations. Pt. II: Chaotic motions and global bifurcations. Trans. ASME Appl. Mech., 1985, 52, 2, 453-464.
3. MIKHLIN, Yu. V,, VAKAKIS, A. F. and SALENGER, G., Direct and inverse problems encountered in vibro-impact
oscillations of a discrete system. J. Sound and Vibr., 1998, 216, 2, 227-250.
4. EMACL E,, NAYFEH, T A. and VAKAKIS, A. F, Numerical and experimental study of nonlinear localization in a flexible
structure with vibro-impacts. 1997, ZAMM, 77, 7, 527-541.
5. IVANOV, A. P, Analytical methods in the theory of vibro-impact systems. Prikl. Mat. Mekh., 1993, 57, 2, 5-21.
6. PETERKA, E and VACIK, J., Transition to chaotic motion in mechanical systems with impacts. Sounds and Vibration, 1992,
154, 1, 85-115.
7. ZHURAVLEY, V. E, A method of analysing vibro-impact systems using special functions. Izv. Akad. Nauk SSSR. MTT, 1976,
2,30-34.
8. ZHURAVLEY, V. E, Investigation of some vibro-impact systems by the method of non-smooth transformations. Izv. Akad.
Nauk SSSR. MTT, 1977, 6, 24-28.
9. PILIPCHUK, V. N,, Transformation of oscillatory systems using a pair of non-smooth periodic functions. Dokl. Akad. Nauk
UkrSSR, Ser. A, 1988, 4, 37-40.
10. VEDENOVA, Ye. G., MANEVICH, L. . and PILIPCHUK, V. N., The normal vibrations of a string with concentrated masses
on non-linearly elastic supports. Prikl. Mat. Mekh., 1985, 49, 2, 203-211.
11. MANEVICH, L. I, MIKHLIN, Yu. V. and PILIPCHUK, V. N, The Method of Normal Modes for Essentially Non-linear Systems.
Nauka, Moscow, 1989.
12. VAKAKIS, A. F, MANEVITCH, L. 1., MIKHLIN, Yu. V, PILIPCHUK. V. N. and ZEVIN. A. A., Normal Modes and
Localization in Nonlinear Systems.

Translated by D.L.



